Abstract. The Legendre Family of elliptic curves has the remarkable property that both its periods and its supersingular locus have descriptions in terms of the 1 z hypergeometric functions, and prove that the supersingular λ-invariant locus of certain families of elliptic curves are given by these functions.
Introduction and statement of results
Let p be a prime and F a field of characteristic p. An elliptic curve E/F is called supersingular if the group E(F) has no p-torsion. One well-known and widely studied family of elliptic curves is the Legendre Family, which we denote by Here a, b, z ∈ C, c ∈ C \ Z ≤0 , (x) 0 = 1, and (x) n = (x)(x + 1) · · · (x + n − 1) is the Pochhammer symbol. For any prime p, define It is natural to study hypergeometric functions related to elliptic integrals. An elliptic integral of the first kind is written as
From [5] we have the following identities for appropriate ranges of k:
El-Guindy and Ono studied in [4] the family of curves defined by
They proved a result analogous to the classical case, namely
Here we prove two other cases of this phenomenon that cover the other hypergeometric functions related to elliptic integrals listed in (1.1). We define the following families of elliptic curves:
We note that if λ ∈ {0, 27} (resp. λ ∈ {0, 1}), then E 1 3 (λ) (resp. E 1
12
(λ)) is singular.
We also define, for each i ∈
where c p = 6
, and d p = 0, 2, 2, 4 for p ≡ 1, 5, 7, 11 (mod 12) respectively.
Remark. The j-invariant of E1 (λ) is singular when its j-invariant is 0 and undefined when j = 1728.
Preliminaries
Throughout, let p ≥ 5 be prime. Definition 2.1. The Hasse invariant of an elliptic curve defined by f (w, x, y) = 0 is the coefficient of (wxy) p−1 in f (w, x, y) p−1 . Likewise, the Hasse invariant of a curve defined by
Remark. The projective completions of E 1 3 (λ) and E 1
12
(λ) are
and
We have the following well-known characterization of supersingular elliptic curves (see [1] , [6] , [7] ). It is well-known that two elliptic curves defined over F p are isomorphic if and only if they have the same j-invariant. Recall the following formula for the number of isomorphism classes of supersingular elliptic curves over F p (see [7] ). We write p − 1 = 12m p + 6 p + 4δ p , where p , δ p ∈ {0, 1}. Lemma 2.3. Up to isomorphism, there are exactly
Remark. It is known that δ p = 1 only when p ≡ 2 (mod 3) (i.e. when 0 is a supersingular j-invariant) and p = 1 only when p ≡ 3 (mod 4) (when 1728 is a supersingular j-invariant). Also, in all cases m p = p 12 .
Proof of Main Results
We first prove several preliminary lemmas. Proof. To calculate the degree of S p, 1 3 (λ), we must consider how many different values for λ yield a curve E 1 3 (λ) with a given supersingular j-invariant. From [2] we have that
and that the discriminant ∆(E 1 3 (λ)) = λ 8 (λ − 27). Hence there are usually four λ-invariants for a given j-invariant, but there are certain exceptions. Since the only roots of ∆ in this case are 0 and 27, we know that these and 1728 are the only possible j-invariants for which there are less than four corresponding λ-invariants. However, there are four distinct values of λ for which j(E 1 3 (λ)) = 27. Also, only λ = 18 ± 6 √ 3 gives a value of 1728 for j, so the correspondence is 2-to-1 in this case. As mentioned previously, the curve is singular for λ = 0, so the only value of λ that will give a j-invariant of 0 is λ = 24. The correspondence is thus one-to-one for j = 0.
Using the ideas of Lemma 2.3, we have that each of the m p supersingular jinvariants is obtained from four supersingular λ-invariants, δ p can come from at most one λ-invariant, and p comes from two, if any, λ-invariants. Thus the total number of λ-invariants, and the degree of S p, 
This is a one-to-one correspondence from λ-invariants to j-invariants for j = 1728. Also, the special cases j = 0 and j = 1728 do not apply here, for the curve is singular for these respective j-invariants. Thus by Lemma
We first compute its Hasse invariant. A general term in the expansion of (wy
where
In order for this to be a constant multiple of a power of wxy, we must have a = c = d. Thus the terms that we are concerned with are of the form
For a given n, there are p−1 n p−n−1 n p−2n−1 n ways to choose which of the f (w, x, y) factors we obtain each of the wy 2 , λ 2 w 2 y, and −x 3 terms from. Summing over all possible values of n, we determine the Hasse invariant to be
By definition, we have
However, if n > p 3
, then p will appear in the numerator of either n! 2 λ . Since the degree of S p,
by Lemma 3.1, it follows that λ
However, c is 1 since λ
is monic, so we are done.
Proof of Theorem 1.2. 1 z satisfies the second order differential equation
, we see that g(x) = 2 F 1 1 12
5 12
Hence, h(λ) = λ 
The function h(λ) is a Laurent series in
with p-integral rational cofficients. However, its reduction modulo p yields a polynomial in λ. This polynomial must satisfy the reduction of (3.3) modulo p, so F (λ) = λ 
A similar calculation shows that F (λ) = λ . Now, to compute the Hasse invariant, we consider a general x p−1 term in the expansion of (4x
2 . This is of the form (4x
, where
. For a given n in this range, there are exactly
ways to choose which of the (4x 3 − 27λx − 27λ) factors the 4x 3 terms and −27λx terms came from. Summing over all n yields the Hasse invariant to be
into which we can substitute n = p−1 2 − k, and using the fact that 4 (λ) (mod 59).
In addition, ≡ 2 (mod 59).
